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Abstract
We discuss an attempt to understand confinement and dynamical symmetry break-
ing in a 4-dimensional non-supersymmetric gauge theory using S-duality in type IIB
string theory. The electric theory is a USp(2n) gauge theory and its magnetic dual is
argued to be an SO(2n) or SO(2n− 1) gauge theory. These theories are obtained as
the low-energy effective theory of O3-D3 systems in type IIB string theory, which are
related by S-duality. Confinement and dynamical symmetry breaking in the USp(2n)
gauge theory are caused by the condensation of scalar fields in the magnetic dual de-
scription, which is consistent with the scenario of the dual Meissner mechanism for the
confinement.
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§1. Introduction
Confinement is one of the most profound phenomena in strongly coupled gauge theory.
In many strongly coupled gauge theories including Yang-Mills theory and quantum chro-
modynamics (QCD), it is believed that the elementary particles that belong to non-trivial
representations of the gauge group can never be observed as isolated particles. An intuitive
explanation for the confinement is that the gauge flux associated with each gauge non-singlet
particle will be squeezed into a thin tube with finite tension and it costs a huge amount of
energy to separate a particle from others, since the energy is proportional to the length of
the flux tube.
Showing the formation of flux tubes for a given gauge theory is a highly non-trivial
problem. Because it is a phenomenon in strongly coupled systems, perturbative calculations
are not reliable. One scenario for the confinement proposed in the 1970’s1)–3) is based on
the analogy of the Meissner effect in (type II) superconductors. In superconductors, the
U(1) electromagnetic gauge symmetry is totally Higgsed by the condensation of Cooper
pairs and, as a consequence, the magnetic flux is squeezed into a flux tube. The idea is
to consider the electric-magnetic duality of the Meissner effect to show the existence of
thin flux tubes associated with electrically charged particles. Suppose that there is a dual
magnetic description of QCD and the magnetic gauge symmetry is somehow Higgsed by
monopole condensation, then the electric-magnetic dual of the Meissner mechanism suggests
the formation of a squeezed color flux tube, which implies the confinement in QCD. Although
this dual Meissner effect is very appealing, there are a number of questions to be answered.
What is the magnetic dual of QCD? What is the monopole in QCD? Do the monopoles
really condense? There have been many investigations attempting to clarify these issues.∗)
In the mid 1990’s, it was shown that this scenario of confinement is realized in some
examples of supersymmetric gauge theories. In Ref. 6), the low-energy effective theory of
the N = 2 SU(2) super Yang-Mills (SYM) theory was exactly obtained and it was shown
that the magnetic monopoles become massless at a singularity of the vacuum moduli space.
Furthermore, when a mass term for the chiral multiplet that breaks N = 2 supersymmetry
to N = 1 is added, the magnetic U(1) gauge symmetry is shown to be Higgsed via the
condensation of the magnetic monopoles. This is consistent with the conjecture that the
N = 1 SU(2) SYM is a confining theory. This argument was soon generalized to a much
wider class of supersymmetric gauge theories. In Ref. 7), a non-Abelian generalization of
the electric-magnetic duality in the N = 1 supersymmetric QCD (SQCD) was found. The
“electric theory” in Seiberg’s duality is the N = 1 SU(Nc) SQCD with Nf flavors and the
∗) See, for example, Refs. 4) and 5) for reviews.
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“magnetic theory”, which is conjectured to be the magnetic dual of the electric theory, is
the N = 1 SU(Nf − Nc) SQCD with Nf flavors with an additional gauge singlet field. It
was argued that when one of these theories is completely Higgsed by the condensation of the
scalar components of the quark superfields, the other theory is confined. This observation
suggests that an analogue of the dual Meissner mechanism for the confinement also works
for the cases where both electric and magnetic descriptions are non-Abelian gauge theories.
In this paper, we investigate an example of duality in non-supersymmetric gauge theories.
As we will describe in §2, the electric theory is a USp(2n) gauge theory and the magnetic
theory is an SO(2n) gauge theory with a tachyonic scalar field. The magnetic SO(2n) gauge
theory will flow to an SO(2n− 1) gauge theory after tachyon condensation. In general, col-
lecting convincing non-trivial evidence for the duality in non-supersymmetric gauge theory
is much more difficult than in supersymmetric gauge theory.∗) Our model is based on the
S-duality of O3-D3 systems in type IIB string theory, which was first analyzed by Uranga in
Ref. 11). Although the proof is not yet available, the S-duality in type IIB string theory is
considered to be an exact duality, which should hold even in non-supersymmetric situations.
Since our gauge theories are realized as the low-energy effective theories of the O3-D3 sys-
tems, we can apply the S-duality in string theory and investigate its consequences in these
non-supersymmetric gauge theories. One of the main goals of this paper is to propose a
scenario to understand the confinement and dynamical symmetry breaking expected in the
electric theory using the magnetic description as well as some knowledge of string theory.
Even though we have some techniques in string theory to analyze the properties of the
gauge theories, it is still not easy to obtain exact results in the non-supersymmetric gauge
theories, and hence our arguments in this paper are mostly qualitative and sometimes specu-
lative. In particular, at the energy scale of the dynamical symmetry breaking, neither electric
nor magnetic theories are weakly coupled and we have to rely on a toy model that seems to
capture the qualitative features of the systems to gain a consistent picture. Therefore, we are
not going to prove the confinement and/or dynamical symmetry breaking, but at best try
to understand what is going on under the duality. Nevertheless, we hope that this analysis
will shed some light on the confinement problem in non-supersymmetric gauge theories.
The paper is organized as follows. In §2, we start with describing the electric and magnetic
theories. In §3, we review some of the known facts about the O3-planes and their S-duality
properties, and explain how we obtain our electric and magnetic theories realized on the
O3-D3 systems. The confinement and dynamical symmetry breaking in our systems are
studied in §4. In §5, we summarize what we have revealed and discuss some problems to be
∗) See Refs. 8)–10) for some examples.
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solved.
We have tried to make the paper readable for people who are not familiar with string
theory. Although we need to use knowledge from string theory to explain the logic behind
the duality, our proposal and its consequences can be followed without using string theory.
Those who want to avoid some details involving string theory can skip §3, and go directly
to §4 after reading §2. Section 4.2 can also be skipped.
§2. Electric and magnetic theory
Here, we describe the low-energy effective theory of the electric and magnetic theories,
which are conjectured to be S-dual to each other. As we will see in detail in §3, both electric
and magnetic theories are realized in type IIB string theory, and the duality between them
follows from the well-known S-duality in string theory. In this section, in order to present
our proposal clearly, we write down the low-energy field contents of the electric and magnetic
theories, and discuss some of the supporting evidence of the duality, which can be easily seen
without going into detail.
2.1. Electric theory
The low-energy field content of the electric theory is summarized in Table I. Here, the uni-
USp(2n) SO(6)
Aµ 1
Qi 4+
ΦI 6
Table I. Electric theory.
tary symplectic group USp(2n) is the gauge group and SO(6) is the global symmetry.∗) Aµ,
Qi and ΦI in Table I are the gauge field, left-handed Weyl fermions and Hermitian scalar
fields, respectively. The rank-2 symmetric tensor representation ( ) of the gauge group
USp(2n) is equivalent to the adjoint representation. In our notation, the rank-2 antisym-
metric tensor representation ( ) is a reducible representation and the irreducible components
consist of the singlet representation and its orthogonal complement. (See Appendix A for
more detail.)
The notations “4+” and “6” in Table I stand for the positive chirality spinor repre-
sentation and the 6-dimensional vector representation of SO(6), respectively. The index
∗) See Appendix A for our notation of the USp(2n) gauge group.
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i (i = 1, 2, 3, 4) for Qi is the 4+ spinor index for SO(6), which can be thought of as the
fundamental representation of SU(4) ≃ SO(6). The index I (I = 1, 2, · · · , 6) for ΦI is the
vector index of SO(6). Note that if Qi were in the adjoint representation ( ) of the gauge
group USp(2n), the electric theory would be the N = 4 USp(2n) SYM.
This theory is obtained by imposing the conditions
(JAµ)
T = JAµ , (JQ
i)T = −JQi , (JΦI)T = JΦI (2.1)
for the gauge field, fermion and scalar fields, respectively, in the N = 4 SU(2n) SYM.
Then, the tree level Lagrangian density is schematically written as
Ltreeelectric ∼ TrF
2
µν + Tr
(
Q¯iσ
µ(∂µQ
i + [Aµ, Q
i])
)
+ Tr
(
(∂µΦ
I + [Aµ, Φ
I ])2
)
+Tr
(
QiΣIij [Φ
I , Qj]
)
+ Tr
(
[ΦI , ΦJ ]2
)
+ h.c. , (2.2)
where Q¯i is the Hermitian conjugate of Q
i and ΣIij is the invariant tensor in the (4− ⊗
4−)asym ⊗ 6 representation of SO(6). (See Appendix B for the explicit form.) Here all the
couplings are omitted.
The one-loop beta function for the gauge coupling indicates that this theory is asymptot-
ically free, and hence the electric theory is better described at high energies. All the fields
in Table I are massless at the tree level. However, since the supersymmetry is completely
broken, there is no reason for the scalar fields to remain massless after taking into account
the quantum effect. In fact, the explicit one-loop calculation implies that all the scalar
fields will acquire masses on the order of the cutoff scale, which is the string scale, and will
be decoupled at low energy. (See §3.4 for more details.) According to the recent analysis
in Refs. 12)–14), the USp(2n) theory with four Weyl fermions in the antisymmetric repre-
sentation is conjectured to be outside the conformal window and is in the confined phase.
Furthermore, for the n > 1 cases, the global SO(6) symmetry is expected to be dynamically
broken to the SO(4) subgroup via condensation of the fermion bilinear operator:
ǫαβ〈Tr(QiαQ
j
β)〉 ∝ δ
ij , (2.3)
where α, β are the Lorentz spinor indices. Note that the indices i, j in (2.3) are those of the
fundamental representation of SU(4) ≃ SO(6) and the unbroken subgroup SO(4) is the real
part of SU(4).
Associated with this symmetry breaking, we expect to have Nambu-Goldstone modes
with values in the coset space SU(4)/SO(4). In common with pions in QCD, the Nambu-
Goldstone particle is provided as a bound state of two fermions. The other particles in the
spectrum are expected to be massive, except for the gauge singlet part of the fermions Qi,
because there is no symmetry to protect the mass terms for them.
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The n = 1 case is also interesting. The gauge group for n = 1 is USp(2) ≃ SU(2) and
since the antisymmetric representation is a gauge singlet, the fermions will be decoupled
from the gauge field. Therefore, the low energy dynamics of the electric theory is expected
to be equivalent to the SU(2) pure Yang-Mills theory. Again, this theory is conjectured to
be a confining theory, although the SO(6) symmetry will not be broken in this case.
2.2. Magnetic theory
The low-energy field content of the magnetic theory is given in Table II. Here, we
SO(2n) SO(6)
aµ 1
qi 4+
φI 6
t 1
ψi 4−
Table II. Magnetic theory (I).
have listed the fields that are massless or tachyonic at the tree level. The gauge group
is SO(2n) and aµ is the associated gauge field. q
i and ψi (i = 1, · · · , 4) are left-handed
Weyl fermions, φI (I = 1, · · · , 6) are Hermitian scalar fields and t is a tachyon field, which
is a real scalar field with negative mass squared. , and in Table II are the rank-
2 antisymmetric tensor representation, rank-2 symmetric tensor representation and vector
representation of SO(2n), respectively. Note that the rank-2 symmetric tensor representation
( ) is a reducible representation, and the irreducible components are the trace part and the
traceless part.
The tree-level Lagrangian contains the following terms:
Ltreemagnetic (I) ∼ tr f
2
µν + tr
(
q¯iσ
µ(∂µq
i + [aµ, q
i])
)
+ tr
(
(∂µφ
I + [aµ, φ
I ])2
)
+ ((∂µ + aµ)t)
2 + V (t) + ψ¯iσµ(∂µψi + aµψi)
+ tr
(
qiΣIij [φ
I , qj]
)
+ tr
(
[φI , φJ ]2
)
+tT φIφIt+ ψ¯iTΣIijφ
Iψ¯j + tT qiψi + h.c. (2.4)
Again, this is a schematic expression and all the couplings as well as possible higher dimen-
sional terms are omitted. A sketch of the derivation of this Lagrangian will be given in §3.2.
Here, V (t) is the potential for the tachyon field t. Since we are mostly interested in the
qualitative properties, we do not need the explicit form of the potential. The only property
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we need here is that the potential V (t) is unstable around the origin t = 0 and hence the
tachyon field will develop a non-trivial vacuum expectation value. We refer to this theory as
magnetic theory (I).
After tachyon condensation, the gauge symmetry will be broken to SO(2n−1). The terms
tTφIφIt and tT qiψi in the last line of (2.4) imply that ψ
i as well as some components of φI and
qi will become massive. The massless components obtained after tachyon condensation are
listed in Table III. The effective Lagrangian for the massless fields after tachyon condensation
SO(2n− 1) SO(6)
aµ 1
qi 4+
φI 6
Table III. Magnetic theory (II).
will be
Ltreemagnetic (II) ∼ tr f
2
µν + tr
(
q¯iσ
µ(∂µq
i + [aµ, q
i])
)
+ tr
(
(∂µφ
I + [aµ, φ
I ])2
)
+ψ¯iσµ(∂µψi + aµψi) + tr
(
qiΣIij[φ
I , qj]
)
+ tr
(
[φI , φJ ]2
)
+ h.c. (2.5)
This Lagrangian can be obtained by imposing
ATµ = −Aµ , q
i T = qi , φI T = −φI , (2.6)
in the N = 4 SYM with the gauge group SU(2n − 1). We refer to this theory as magnetic
theory (II).
2.3. First view on the duality
As we will see in more detail in the following sections, we claim that the electric theory
in §2.1 and the magnetic theory described in §2.2 are dual to each other. Or, more precisely,
they are low-energy effective theories of the two brane configurations related by S-duality in
type IIB string theory. In this subsection, we make a few comments on the duality, which
can be seen without knowing the detailed structure.
As a first check, one can easily see that the ’t Hooft anomaly matching condition with
respect to the global SO(6) symmetry is satisfied, as pointed out in Ref. 11) for the n = 1
case.∗) In fact, the SO(6)3 anomaly in the electric theory is proportional to n(2n − 1) and
∗) Here, we consider the SO(6)3 anomaly by carrying out our analysis as if the SO(6) symmetry were
not broken. However, the SO(6) symmetry is actually expected to be spontaneously broken, as we have
discussed in §2.1. Then, the same amount of anomaly is induced by the associated Nambu-Goldstone bosons
with the Wess-Zumino-Witten term.
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the corresponding quantity in magnetic theory (I) is n(2n + 1) − 2n = n(2n − 1), where
n(2n+1) and −2n are the contributions from qi and ψi in Table II, respectively. The result
for magnetic theory (II) is also n(2n− 1).
One may wonder whether this claim is consistent with Goddard-Nuyts-Olive (GNO)
duality,15) in which the dual group of USp(2n) is argued to be SO(2n+1). At the tree level,
the bosonic part of the electric theory is the same as the N = 4 USp(2n) SYM and there are
flat directions for the scalar fields ΦI . At a generic point along the flat directions, the gauge
group is broken to U(1)n and the monopole solutions can be constructed. Although the flat
directions will be lifted by quantum corrections, it is natural to expect that these monopoles
are related to the fields in the magnetic theory. If this is the case, the monopoles should
satisfy the Dirac quantization conditions and the argument of GNO should be applied. In
fact, what GNO showed is that the magnetic charges take values in the weight lattice of the
dual group, which is satisfied for the fields in Table II, if we regard the gauge group SO(2n)
in magnetic theory (I) as a subgroup of the GNO dual group SO(2n + 1). However, the
existence of the massless gauge particle associated with the dual group in the spectrum is
not guaranteed in general, and hence, there is no contradiction with the argument of GNO,
even though the gauge group in our magnetic theory is not SO(2n+ 1).
Since both the electric and magnetic theories are closely related to the N = 4 SYM, the
well-known duality in the N = 4 SYM appears in our system in various ways. For example,
if we consider a configuration with
Φ1 = v
(
1n 0
0 −1n
)
(2.7)
in the electric theory, the gauge group USp(2n) will be broken to U(n), and then the system
can be seen as the N = 4 U(n) SYM coupled with massive non-supersymmetric fields.
Although the configuration (2.7) is quantum mechanically unstable, because the mass term
for the scalar fields ΦI will be generated by quantum corrections, let us assume here that
considering the theory around this configuration makes sense in some limit; for example, the
large n limit discussed below or the large v limit in the string theory setup. On the other
hand, this configuration corresponds to setting
φ1 = iv
(
0 1n
−1n 0
)
(2.8)
in magnetic theory (I). Then, the SO(2n) gauge group is broken to U(n) and, if v is large
enough, the tachyon will become massive and the massless degrees of freedom again give
the N = 4 U(n) SYM, which is the magnetic dual of the N = 4 U(n) SYM appeared in
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the electric theory. In the string theory realization explained in §3, the configurations (2.7)
in electric theory and (2.8) in magnetic theory (I) correspond to the configuration with n
D3-branes placed away from the O3+-plane and O˜3
−
-plane, respectively, and the N = 4
U(n) SYM is obtained from the open strings attached on the D3-branes.
The large n behavior is also related to the N = 4 SYM. Note that if we replace the
fermions in the electric theory and magnetic theory (II) with those in the adjoint representa-
tion of the gauge group, these theories will become the N = 4 SYM. Because the difference
between the contributions of the fields in the symmetric and antisymmetric tensor repre-
sentations is subleading in the 1/n expansion, both the electric and magnetic theories are
equivalent to the N = 4 SYM at the leading order of the 1/n expansion.∗) Therefore, at
the leading order of the 1/n expansion, the duality of our electric and magnetic theories is
related to that of the N = 4 SYM.
§3. S-duality of O3-planes and O3-D3 systems
In this section, we briefly review some properties of the O3-planes and O3-D3 systems
that will be used in the following discussion. The main references are Refs. 20), 11) and 21).
Readers who want to avoid string theory can skip this section and go directly to §4.
3.1. O3-planes and S-duality
We consider 10-dimensional flat space-time parametrized by x0, x1, · · · , x9 in type IIB
string theory with an O3-plane localized at x4 = x5 = · · · = x9 = 0. The O3-plane
is defined as the (3+1)-dimensional fixed plane with respect to the Z2 orientifold action
generated by I6Ω(−1)FL . Here I6 flips the sign of six spatial coordinates x4∼9 transverse to
the O3-plane, Ω is the world-sheet parity transformation and FL is the left-moving space-
time fermion number.∗∗) There are at least four types of O3-planes, denoted as O3−, O3+,
O˜3
−
, O˜3
+
, depending on the choice of the discrete torsions associated with NSNS and RR
2-form fields.20) The discrete torsions are defined as
τNS = exp
(
i
∫
RP
2
B2
)
, τRR = exp
(
i
∫
RP
2
C2
)
, (3.1)
where B2 and C2 are the NSNS and RR 2-from fields, respectively, and RP
2 is a two-sphere
surrounding the O3-plane in the x4∼9-plane (R6 parametrized by x4∼9) divided by the Z2
orientifold action. τNS and τRR can take values in {±1}. O3−, O3+, O˜3
−
, O˜3
+
are the
O3-planes with (τNS, τRR) = (+,+), (−,+), (+,−), (−,−), respectively. Recall that the type
∗) See Refs. 16)–19) for more precise statements and rigorous arguments.
∗∗) See, for example, Ref. 22) for a review of orientifolds.
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IIB string theory is believed to be invariant under the action of the S-duality group SL(2,Z),
which acts on B2 and C2 as(
C2
B2
)
→ Λ
(
C2
B2
)
, Λ ∈ SL(2,Z) . (3.2)
It also acts on the dilaton field φ and RR 0-form field C0 as
τ →
aτ + b
cτ + d
, Λ =
(
a b
c d
)
∈ SL(2,Z) , (3.3)
where τ = C0 + ie
−φ is a combination of the RR 0-form field C0 and the dilaton φ. We are
particularly interested in the action of
S ≡
(
0 −1
1 0
)
∈ SL(2,Z) , (3.4)
which gives the strong/weak duality, since it acts on the string coupling gs = e
φ as gs → 1/gs.
In this paper, we use the term “S-duality” for the action of S in (3.4), rather than the full
SL(2,Z) action. From (3.2), we can easily read how the SL(2,Z) acts on the discrete
torsion (τNS, τRR). In particular, the O˜3
−
-plane and the O3+-plane are interchanged under
the S-duality, while the O3−-plane is S-duality invariant. The O˜3
+
-plane is related to the
O3+-plane by the T-transformation given by the action of
T ≡
(
1 1
0 1
)
∈ SL(2,Z) . (3.5)
Let us next consider a system with n D3-branes placed at the O3-plane. The low-energy
effective theory of the open strings attached on the D3-brane is the N = 4 SYM. The gauge
groups for the systems with O3−, O3+, O˜3
−
, O˜3
+
-planes are SO(2n), USp(2n), SO(2n+1),
USp(2n), respectively. The gauge coupling e and the theta parameter θ are related to the
dilaton and RR 0-form field C0 as
∗)
τ = C0 + ie
−φ =
θ
2π
+
4πi
e2
. (3.6)
The SL(2,Z) duality in the string theory considered above is consistent with the SL(2,Z)
duality in the N = 4 SYM with these gauge groups.20) In particular, the N = 4 SYM
∗) The normalization of the gauge coupling and theta parameter is different from that used, for example,
in Ref. 23). Here, the period of θ is 2pi for SO(N) and 4pi for USp(2n) theory. This normalization is natural
in string theory, since a half D-instanton (one D-instanton before the orientifold projection) is allowed for
the O3+-plane, while only an integer number of D-instantons is allowed for the O3−-plane.
with the USp(2n) gauge group is S-dual to that with the SO(2n+ 1) gauge group, which is
consistent with the fact that τNS and τRR are interchanged under the S-duality.
The perturbative spectrum of the system with the O˜3
−
-plane and n D3-branes is formally
the same as that for the O3−-plane with (n + 1/2) D3-branes, that is, (2n + 1) D3-branes
on the covering space before the orientifold projection.∗) Therefore, the O˜3
−
-plane can
be regarded as the O3−-plane with a half D3-brane stuck on it, at least in perturbative
calculations. However, this picture is misleading in non-perturbative analysis. If we naively
consider O˜3
−
-plane as the O3−-plane with a half D3-brane and apply the S-duality to the
O3−-plane and D3-brane components, the O˜3
−
-plane may appear S-duality invariant, since
both the O3−-plane and D3-brane are S-duality invariant. However, as we have seen above,
the O˜3
−
-plane is mapped to the O3+-plane and vice versa under the S-duality. Another
important property that cannot be understood in this naive picture is that D-strings (D1-
branes) cannot have their end points on the O˜3
−
-plane, although fundamental strings can
be attached on the O˜3
−
-plane. From the perturbative open string spectrum, it can be shown
that the fundamental strings can be attached on the O˜3
−
-plane but not on the O3±-planes.
Since a fundamental string stretched along the radial direction of the x4∼9-plane is a BPS
object, we expect that this property will hold even for the strongly coupled regime. Applying
the S-duality, we see that D-strings can be attached on the O3+-plane, but not on the O3−
or O˜3
−
-planes.
These properties can be better understood from the construction of the O˜3
−
and O3+-
planes given in Ref. 21). It was argued that the O˜3
−
-plane can be continuously deformed
to a system with an O3−-plane and a spherical D5-brane surrounding it. Here, the world-
volume of the spherical D5-brane has a topology of R1,3 × S2/Z2, where R1,3 corresponds
to the directions parallel to the O3−-plane, S2 is a two-sphere surrounding the O3−-plane
in the x4∼9-plane and Z2 is the orientifold action acting on it. Because the sphere should
be invariant under the Z2 action, the spherical D5-brane cannot escape from the sphere
to infinity. Without any other fluxes, the radius of the sphere will shrink to zero size and
the SO(6) rotational symmetry will be restored, but its vestiges will be retained in the RR
charge and the discrete torsion. In fact, it was shown that the spherical D5-brane induces
the discrete torsion (τNS, τRR) = (+,−), and carries a half unit of magnetic flux,
1
2π
∫
RP
2
F =
1
2
, (3.7)
that provides the RR charge of a half D3-brane stuck on it.21), 24), 25) Similarly, the O3+-plane
is obtained as an O3−-plane with a spherical NS5-brane surrounding it. Since a D5-brane is
∗) In some literature, such as, Ref. 11), the number of D-branes is counted on the covering space before
the orientifold projection, which is double the number given by our convention.
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mapped to an NS5-brane under the S-duality, this picture is consistent with the S-duality.
Furthermore, note that fundamental strings can end on the D5-brane but not on the
NS5-brane, and similarly D-strings can end on the NS5-brane but not on the D5-brane.26),∗)
These facts suggest that the fundamental strings can be attached on the O˜3
−
-plane, but not
on the O3±-planes and D-strings can be attached on the O3+-plane but not on the O3− or
O˜3
−
-planes.
When the size of the sphere of the D5-brane is smaller than the string length scale, the
argument based on the D5-brane world-volume gauge theory cannot be justified, since the
D5-brane world-volume would be highly curved. However, the properties of the O3-planes
discussed above remain valid even for the zero-size limit, which suggests a continuity in the
size of the sphere of the D5-brane surrounding the O3-plane. This interpretation of the
O˜3
−
-plane will be used as a useful guide for understanding the properties of the O˜3
−
-plane
and related objects in the following sections.
3.2. O3-D3 systems
Here, we consider O3-D3 systems obtained by rotating the D3-branes considered in the
previous subsection by 180 degrees. We refer to the rotated D3-branes as D3-branes (anti-D3-
branes). Since the orientation of the D3-brane is opposite to those considered in the previous
subsection, the supersymmetry preserved by the D3-branes is opposite to that preserved in
the existence of the O3-plane. Therefore, supersymmetry is completely broken in the O3-D3
systems. As analyzed in Refs. 31) and 11),∗∗) the spectrum of the open strings attached
on the O3±-D3 system is obtained by simply replacing the fermions in the symmetric and
antisymmetric representations of the gauge group for the O3±-D3 system with those in the
antisymmetric and symmetric representations, respectively.
The electric theory described in §2.1 is obtained by putting n D3-branes on top of the
O3+-plane. The massless fields on the D3-branes are as listed in Table I. The global SO(6)
symmetry corresponds to the rotational symmetry in the x4∼9-plane. All the other fields
have string scale masses. Without the Z2 orientifold projection associated with the O3
+-
plane, the system is supersymmetric, and the low-energy effective theory on the D3-branes
is the N = 4 SU(2n) SYM. Therefore, the tree level Lagrangian for the massless fields (2.2)
is obtained by imposing the orientifold projection (2.1) in the N = 4 SU(2n) SYM.
The magnetic theory is obtained by applying the S-duality to the O3+-D3 system. As
∗) It may be possible to consider a D-string absorbed in the D5-brane world-volume as an instanton-like
gauge configuration27)–29) or a bound state of the D1-D3-D5 branes considered in Ref. 30). We will not
regard such configurations as those with a D-string ending on D5-branes, since the D-string still behaves as
a string embedded in the D5-brane world-volume as the energy is proportional to its length.
∗∗) See Ref. 32) for a review.
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reviewed in the previous subsection, the O3+-plane is mapped to the O˜3
−
-plane under the S-
duality, while D3-branes are S-duality invariant. Therefore, the S-dual of the electric theory
is given by the system with n D3-branes on top of the O˜3
−
-plane,11) which we refer to as
magnetic theory (I). The perturbative open string spectrum can be analyzed by regarding the
O˜3
−
-plane as an O3−-plane with a half D3-brane. The massless spectrum of the particles
created by open strings with both end points attached on the D3-branes is obtained by
replacing the fermions in theN = 4 SO(2n) SYM with those with a symmetric representation
of the gauge group. The gauge field aµ, Weyl fermions q
i and real scalar fields φI in Table
II are obtained in this way. In addition, there are strings stretched between one of the D3-
branes and the half D3-brane stuck at the O3−-plane. The spectrum of this type of open
strings is given by the opposite GSO projection in the NS-R formulation,33),∗) and we obtain
the tachyon field t and the massless fermions ψi in Table II.
As the existence of the tachyon field shows, magnetic theory (I) is unstable. The tachyon
field will eventually roll down the potential and condense. Magnetic theory (II) is defined as
the low-energy effective theory obtained via tachyon condensation in magnetic theory (I). It
is now well-established that tachyon condensation in a system with a D3-D3 pair corresponds
to the annihilation of the D3-D3 pair.33), 35),∗∗) As proposed in Ref. 11), it is then natural to
expect that the O˜3
−
-plane with a D3-brane will become an O3−-plane with a half D3-brane
stuck on it after tachyon condensation. We refer to this object as an Ô3
−
-plane. In terms of
the interpretation of the O˜3
−
-plane as an O3−-plane with a spherical D5-brane explained in
§3.1, the D3-brane will be absorbed in the spherical D5-brane and the magnetic flux induced
on it will be decreased from (3.7) by one unit. Then, the Ô3
−
-plane can be regarded as an
O3−-plane with a spherical D5-brane that carries minus half a unit of magnetic flux,
1
2π
∫
RP
2
F = −
1
2
, (3.8)
which gives the RR-charge of a half D3-brane. In general, an O˜3
−
-plane with n D3-branes
is expected to become an Ô3
−
-plane with (n − 1) D3-branes after tachyon condensation.
The perturbative spectrum is given by regarding this system as one with an O3−-plane and
(n− 1/2) D3-branes. Then, the massless spectrum of this system is as listed in Table III.
The tree-level Lagrangians for magnetic theory (I) (2.4) and magnetic theory (II) (2.5)
are obtained as follows. The terms without t and ψi are obtained by imposing the orientifold
projection (2.6) in the N = 4 SYM with the gauge groups SU(2n) and SU(2n− 1) for mag-
netic theories (I) and (II), respectively, for the same reason as the electric theory explained
∗) See Ref. 34) for a review.
∗∗) See also Ref. 34) for a review.
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above. For magnetic theory (I), we add the terms including t and ψi that are consistent
with the symmetry. In fact, the terms tTφIφIt and tT qiψi in (2.4) are needed to ensure that
the tachyon condensation corresponds to the annihilation of a D3-D3 pair and implies the
massless field content listed in Table III. When D3-branes are far from the O˜3
−
-plane, the
particles created by the open strings stretched between the O˜3
−
-plane and D3-brane become
massive. Therefore, t and ψi become massive when φ
I is given by (2.8) with large enough v.
The terms tTφIφIt and ψ¯iTΣIijφ
Iψ¯j in (2.4) are needed to realize this. We will not try to fix
the coupling constants, although in principle they can be calculated in string theory.
3.3. On the decoupling limit
In string theory, there are infinitely many massive fields in the spectrum and infinitely
many higher dimensional terms in the Lagrangians (2.2), (2.4) and (2.5). The electric theory
is an asymptotically free theory and it is possible to take a decoupling limit ls → 0 with the
dynamical scale kept fixed by tuning the string coupling gs in a controlled way. Here, ls is
the string length, and all the stringy massive fields will be decoupled and higher dimensional
terms will vanish in this decoupling limit.
However, the magnetic theory is more tricky. Since the negative mass squared for the
tachyon field t in magnetic theory (I) is proportional to 1/l2s , it is not possible to take a
smooth decoupling limit ls → 0 that pushes the string scale to infinity. Magnetic theory (II)
does not have a tachyonic mode. However, since this theory is asymptotically non-free, it
is again not clear how to take the decoupling limit in a controlled way. In this paper, we
will not try to discuss these issues. We treat this magnetic theory as a low-energy effective
theory with a cutoff scale around 1/ls, above which the theory becomes the (possibly strongly
coupled) string theory described in §3.2, and focus on the low-energy behavior such as the
vacuum structure and massless spectrum. Since the coupling will become strong around
the dynamical scale of the magnetic theory, we set the cutoff scale 1/ls to be around the
dynamical scale. In principle, it may be possible to make ls smaller, because the decoupling
limit ls → 0 in the electric description is well defined and the S-duality in string theory
is believed to be an exact duality. However, in any case, the magnetic theory will become
strongly coupled above the dynamical scale and the perturbative analysis breaks down.
Therefore, we can only trust this magnetic description at low energies. Since this magnetic
theory is asymptotically non-free, we expect that the magnetic description will be better
than the electric description at low energies.
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3.4. Quantum corrections to the mass terms
As already mentioned in §2, quantum corrections to the mass terms of the scalar fields
are non-vanishing in both the electric and magnetic theories, because the supersymmetry is
completely broken. In our setup, the string scale 1/ls plays the role of a natural cutoff scale
and the mass squared for the scalar fields turns out to be finite and proportional to 1/l2s .
The open string one-loop calculation was performed in Ref. 11), and it was shown that the
mass squared for ΦI in the electric theory is positive and that for φI in magnetic theory (II)
is negative:
m2Φ = +Cgsl
−2
s , m
2
φ = −C
′gsl
−2
s , (3.9)
where gs is the string coupling, and C and C
′ are positive numerical constants.
Note that the eigenvalues of the scalar fields correspond to the positions of the D3-branes
in the 6-dimensional space transverse to the O3-plane. The result (3.9) suggests that the
D3-branes are attractive and repulsive to the O3+ and Ô3
−
-planes, respectively, when the
D3-branes are close to the O3-plane. It was also shown in Ref. 11) that this behavior is the
same even when D3-branes are far from the O3-plane, at least in the open string one-loop
calculation.
However, this result can be trusted only when the coupling is small in each description.
Since the electric and magnetic theories are asymptotically free and non-free, respectively,
we expect that the system will be better described at high and low energies by the electric
and magnetic theories, respectively. Therefore, when D3-branes are placed near the origin
of the x4∼9-plane, where the O3-plane is located, we expect that the magnetic theory will
be the better description and then the D3-branes are repulsed from the origin. On the other
hand, when the D3-branes are far from the origin of the x4∼9-plane, the electric theory is the
better description and the D3-branes are attracted to the origin. The fact that the D3-branes
are repulsed from the Ô3
−
-plane in the magnetic description implies that the scalar field φI
in magnetic theory (II) will develop non-zero vacuum expectation values in the magnetic
description, which will break the SO(6) symmetry. In §4.4 and §4.5, we argue that this is
how symmetry breaking caused by (2.3) in the electric description is realized in the magnetic
description.
Note that gs is proportional to λ/n, where λ = g
2
YMn is the ’t Hooft coupling, and hence,
the masses (3.9) are at subleading order in the 1/n expansion. This is consistent with the
fact that these theories are equivalent to the N = 4 SYM at the leading order of the 1/n
expansion as discussed in §2.3. However, if we take the decoupling limit ls → 0 with fixed
n, which only makes sense for the electric theory as discussed in §3.3, the scalar field ΦI will
decouple from the low-energy physics.
15
§4. Confinement and dynamical symmetry breaking
4.1. Monopole condensation and confinement for n = 1
Let us first consider the n = 1 case as a warm-up example. As explained in §2.1,
the electric theory flows to the SU(2) pure Yang-Mills theory (with gauge singlet massless
fermions Qi) at low energy. On the other hand, magnetic theory (I) in Table II is an
SO(2) ≃ U(1) gauge theory for n = 1. After condensation of the tachyon field t, the
U(1) gauge symmetry is broken, and all the fields, except for the neutral components of the
fermions qi, will become massive. Since the magnetic gauge group is completely broken, the
electric theory is expected to be confining. This is a manifestation of the dual Meissner effect
proposed in the 1970’s.1)–3) In fact, the tachyon field t is a magnetic monopole in the sense
that it is charged under the magnetic U(1) gauge symmetry.
Note that the magnetic theory is an Abelian gauge theory, although the electric theory is
an SU(2) gauge theory. As discussed in §2.3, the SU(2) gauge symmetry will be broken to
a U(1) subgroup when we consider the configuration with (2.7). The magnetic U(1) gauge
group is the electric-magnetic dual of this unbroken U(1) part of the SU(2) gauge group in
the electric theory. Because the scalar fields ΦI acquire mass (3.9) via the quantum effect, the
vacuum expectation value of the scalar fields will roll down the potential to the origin v → 0
and the SU(2) gauge symmetry will eventually be restored in the electric theory (in the
perturbative picture). However, the magnetic U(1) gauge symmetry will not be enhanced in
the v → 0 limit in (2.8), since there is no extra massless gauge field in the spectrum. Instead,
a scalar field t becomes tachyonic and causes the spontaneous breaking of the magnetic U(1)
gauge symmetry when v is small.
The situation is similar to the mass-deformed N = 2 SU(2) SYM studied in Ref. 6).∗)
The N = 2 SU(2) SYM can be regarded as the N = 1 SU(2) gauge theory with one chiral
superfield Φ that belongs to the adjoint representation of the SU(2) gauge group. When the
scalar component of Φ is at the generic point of the flat direction of the potential, the SU(2)
gauge group is broken to its U(1) subgroup. If we deform the system by adding a mass term
for the chiral superfield Φ, the flat direction will be lifted and one may regard the system
as the N = 1 SU(2) SYM at low energies, which is believed to be a confining theory. Since
this system is an asymptotically free theory, it is better to move to the magnetic description.
The magnetic theory is an N = 2 U(1) gauge theory with a hypermultiplet charged under
∗) It may be useful to recall that this system can be described in terms of the SO-type Seiberg duality
studied in Refs. 7) and 36). Note that the N = 2 SU(2) SYM can be regarded as an N = 1 SO(3) SQCD
with one flavor of chiral multiplet that belongs to the vector (= adjoint) representation of the SO(3) gauge
group. The magnetic dual of this system is an N = 1 SO(2)(= SO(Nf −Nc + 4)) SQCD with one flavor of
magnetic monopole and a gauge-invariant meson field that couple through a superpotential.
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the magnetic U(1) gauge symmetry, which we call the magnetic monopole. The magnetic
U(1) gauge symmetry is the electric-magnetic dual of the unbroken U(1) subgroup of the
SU(2) gauge symmetry in the electric description at the generic point of the vacuum moduli
space. This magnetic U(1) symmetry will never become enhanced even at the singularity of
the vacuum moduli space. The mass deformation for the chiral superfield Φ in the electric
description corresponds to adding a term in the superpotential of the magnetic description
that makes monopoles tachyonic and causes the spontaneous breaking of the magnetic U(1)
gauge symmetry via monopole condensation. This monopole condensation is considered
to be responsible for the confinement of the N = 1 SU(2) gauge theory in the electric
description.6)
4.2. Flux tubes
Our string theory setup is also useful for understanding the properties of flux tubes.∗) Let
us consider the potential between a pair consisting of a heavy external quark and antiquark∗∗)
in the electric theory, which is obtained as the gauge theory realized in the system with
an O3+-plane and n D3-branes. A heavy quark in the fundamental representation of the
USp(2n) gauge group can be introduced by adding a fundamental string stretched along the
x9 direction with one end attached on the D3-branes. The end point of the fundamental
string behaves as an electrically charged point-like particle on the D3-brane world-volume,
which is interpreted as a “quark”. To introduce an “antiquark”, we put another fundamental
string ending on one of the D3-branes. We are interested in the behavior of the gauge flux
when the quark and antiquark are placed in fixed positions separated by a large distance.∗∗∗)
The energy carried by the gauge flux is interpreted as the potential energy of the quark-
antiquark pair. In the perturbative picture of the electric theory, we observe only Coulomb-
like potential as usual in the weakly coupled gauge theory. However, since the electric theory
is an asymptotically free theory, we can only trust this perturbative picture at high energies.
To determine the behavior at a low energy (large distance), it is better to move to the
dual magnetic description. Here, we consider the n = 1 case for simplicity. As explained
in §3.2, the magnetic description with n = 1 is given by an Ô3
−
-plane without additional
D3-branes. The quark (fundamental string) in the electric description corresponds to a D-
string in the magnetic description. Recall that the Ô3
−
-plane is understood as an O3−-plane
∗) This subsection can also be skipped if readers want to avoid the discussion using string theory.
∗∗) Here, a particle that belongs to the fundamental representation of the USp(2n) group is called a
“quark”. Since the fundamental representation and the antifundamental representation are equivalent for
the USp(2n) group, there is actually no distinction between a quark and an antiquark.
∗∗∗) One way to fix the position of the end point of the string may be to add a D5-brane extended in the x0
and x4∼8 directions, and consider a fundamental string stretched between the D3-brane and the D5-brane.
The following discussion does not depend on how the end points of the strings are fixed.
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with a spherical D5-brane that carries the magnetic flux (3.8). Then, the argument in §3.1
suggests that D-strings cannot end on the Ô3
−
-plane. This is again consistent with the
confinement in the electric theory. Because D-strings cannot end on the Ô3
−
-plane, the
D-strings corresponding to the quark and antiquark should be connected by extending a D-
string between them. This D-string stretched between the quark and antiquark corresponds
to a color flux tube in the electric description. Therefore, the potential of the quark and
antiquark will be linear with respect to the distance between them, because the energy carried
by the D-string is proportional to its length. In other words, the Wilson loop in the electric
description (’t Hooft loop in the magnetic description) exhibits the area law behavior. Note
that the D-string tension is proportional to 1/l2s , where ls is the string length. However, this
does not necessarily mean that the tension is much higher than the dynamical scale of the
gauge theory. As mentioned in §3.3, we do not try to take an ls → 0 limit in the magnetic
theory but keep ls finite, because the theory is asymptotically non-free.
There is, however, one subtlety here. The open strings stretched between the D-string
and a half D3-brane stuck at the O3−-plane have a tachyonic mode. A similar tachyonic
mode exists in the case of a parallel D1-D3 system (without an O3-plane), in which case the
condensation of the tachyonic mode corresponds to dissolving the D-string in the D3-brane
world-volume as a uniformly distributed magnetic flux. In our case with the Ô3
−
-plane, it is
not possible to replace the D-string with the magnetic flux, since there is no gauge field on
the Ô3
−
-plane. Although we are not able to prove this explicitly, we suppose that the stable
configuration is an analogue of the D1-D3-D5 bound state considered in Ref. 30) and that it
behaves as a string-like object with finite tension. This interpretation is more plausible for
the n > 1 cases discussed in the following subsections.
Next, we consider two quarks placed at the same point in the electric description. Since
the gauge group in the electric description is USp(2n), and all the fields are in a rank-2
tensor representation of the gauge group, a color charge in the fundamental representation
cannot be screened, and in fact we have observed the linear potential between a quark and
an antiquark above. However, if we consider two quarks, the color charge will be screened
by the gauge field and/or the matter fields. Note that the gauge group USp(2n) has a center
Z2 and that all the matter fields in the electric theory (Table I) are invariant under this Z2.
We expect that the Wilson loop for the quark in the representation R of the gauge group
will exhibit the area or perimeter law when R is non-trivial or trivial with respect to this
Z2, respectively. The question is whether we can understand this Z2 property using string
theory.
In fact, the answer is yes. As we have seen, the color flux tube between a quark and
an antiquark is given by the D-string in the magnetic description. It is known that the
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D-string stretched along the Ô3
−
-plane is a Z2-charged object. Namely, one D-string is
stable but two D-strings are unstable. In fact, this D-string is related by T-duality to a
non-BPS D7-brane in type I string theory, whose charge is classified by KO(R2) ≃ Z2.37) To
see this more explicitly, following Ref. 38), let us consider k D-strings stretched along the
Ô3
−
-plane. The mirror image of the D-strings under the orientifold action will be D-strings
with the opposite orientation (D1-branes). It is known that the gauge theory realized on the
D-string world-sheet is a U(k) gauge theory with a tachyon field in the antisymmetric tensor
representation.∗) Since the antisymmetric tensor representation of U(k) does not exist for
k = 1, there is no tachyon field and the D-string is stable for the k = 1 case, but the k = 2
case is tachyonic and unstable. In general, for odd k, the rank of the tachyon field is at most
(k− 1), and hence (k− 1) D-strings can be annihilated but one D-string will remain stable.
For even k, all the D-strings are annihilated after the condensation of the tachyon field on
the D-strings, and the Wilson loop (in the electric description) will no longer exhibit the
area law.
Note that magnetic theory (II) is obtained by Higgsing from magnetic theory (I), which
is a U(1) gauge theory for n = 1. Since the vortices in the Abelian Higgs model are classified
by π1(U(1)) ≃ Z, one might think that the flux tube should be classified by Z rather than
Z2. However, as argued in Ref. 37), the topological classification of the D-branes in string
theory is given by K-theory. In our case, the K-theory group classifying the flux tubes is
KO(R2) ≃ Z2, which is consistent with what we expect in the electric theory. This fact
seems to suggest that we should take into account the creation and annihilation of D3-D3
pairs to obtain the correct topological classification of the flux tubes.∗∗)
4.3. A toy model
As we have seen around (2.3), the global SO(6) symmetry is expected to be dynamically
broken to the SO(4) subgroup for the n > 1 cases. The basic idea to understand the dynam-
ical symmetry breaking using the S-duality was already explained in §3.4. The perturbative
calculation in the magnetic theory suggests that the scalar field φI is unstable around the
origin and will develop a non-zero vacuum expectation value that causes the breaking of
the SO(6) symmetry. On the other hand, perturbative analysis of the electric theory shows
that the D3-branes are attracted to the O3+-plane, which suggests that the potential for
the scalar field φI will increase for large φI , and we expect that a minimum of the potential
exists somewhere in between. It is, however, not easy to show which configuration minimizes
the energy, since we do not know the precise form of the potential for the scalar field φI .
∗) A useful table can be found in Ref. 38) and also in Appendix A of Ref. 39).
∗∗) A similar observation has been found in the holographic dual of the SO(Nc) QCD in Ref. 39).
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The minimum of the potential is expected to exist in the region where neither electric nor
magnetic descriptions are weakly coupled. Therefore, instead of trying to find the precise
potential, we consider a toy model that captures qualitative features of the potential de-
scribed above and argue that the symmetry breaking SO(6) ≃ SU(4) → SO(4) expected
from (2.3) can occur naturally.
The model we consider is based on magnetic theory (II), whose field content is as listed
in Table III. We consider the following potential for the scalar field φI :
V (φI) = −
µ2
2
tr(φIφI)−
g
4
tr
(
[φI , φJ ]2
)
+
λ
2
tr
(
(φIφI)2
)
, (4.1)
where µ2, g and λ are all positive constants, and the repeated indices are summed over. Here,
φI is an antisymmetric pure imaginary (2n − 1) × (2n − 1) matrix valued scalar field and
I(= 1, 2, · · · , 6) is the vector index for the global SO(6) symmetry. The signs of the couplings
are chosen to realize the qualitative features of magnetic theory (II). The first term is the
tachyonic mass term, which is suggested to be generated via the quantum effect as argued
in §3.4. The second term is the same as the tree-level potential in (2.5). The third term is
added to stabilize the potential, which reflects the fact that the D3-branes are attracted to
the O3+-plane at a large distance as explained above. If we seriously calculate the quantum
corrections to the potential, many other terms will be generated. In the following, we simply
discard the other possible terms and analyze the potential (4.1), hoping that the qualitative
properties of the magnetic theory are correctly captured.
We are interested in static solutions that minimize the potential energy. The equation of
motion obtained by differentiating the potential (4.1) is
−µ2φI − g[φJ , [φI , φJ ]] + λ
(
φI(φJφJ) + (φJφJ)φI
)
= 0 . (4.2)
The potential energy for the configurations satisfying this equation of motion is
V (φI) = −
µ2
4
tr(φIφI) . (4.3)
4.4. Confinement and dynamical symmetry breaking for n = 2
Let us first analyze the case with n = 2. In this case, the scalar fields φI are 3 × 3
antisymmetric matrices, which can be expanded as
φI = A˜IiJ
i , (4.4)
where A˜Ii ∈ R (i = 1, 2, 3) and
J1 = i
 0 0 00 0 −1
0 1 0
 , J2 = i
 0 0 10 0 0
−1 0 0
 , J3 = i
 0 −1 01 0 0
0 0 0
 . (4.5)
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Note that these J i satisfy
[J i, J j ] = iǫijkJk , (4.6)
and form the spin-1 representation of the su(2) algebra. The SO(3) gauge symmetry acting
on the scalar field φI is converted to the SO(3) rotation acting on index i of A˜Ii .
Using the useful relation
J i{J j, Jk}+ {J j, Jk}J i = 2δjkJ i + δijJk + δikJ j , (4.7)
the equation of motion (4.2) yields
−µ2A˜Ii + (λ− g)A˜
I
l A˜
J
l A˜
J
i + (λ+ g)A˜
J
l A˜
J
l A˜
I
i = 0 . (4.8)
Using the SO(6) symmetry, we can always set A˜mi = 0 for m = 4, 5, 6. In this case, (4.8)
implies
X
(
−µ213 + (λ− g)X + (λ+ g)(trX)13
)
= 0 , (4.9)
where we have defined X = (X ij) ≡ (A˜ikA˜
j
k), (i, j, k = 1, 2, 3). Since X is a real symmetric
3×3 matrix by definition, it can be diagonalized by using the SO(3) symmetry. Then, from
(4.9) we see that all the non-zero eigenvalues of X should be the same for λ 6= g. Using this
fact, it is not difficult to show that the general non-trivial solutions of (4.2) can be written
as
(A) φ1 = aJ1 , φ2∼6 = 0 , (4.10)
(B) φ1 = aJ1 , φ2 = aJ2 , φ3∼6 = 0 , (4.11)
(C) φ1 = aJ1 , φ2 = aJ2 , φ3 = aJ3 , φ4∼6 = 0 , (4.12)
up to the SO(3)× SO(6) symmetry. The value of the coefficient a and the potential energy
for these solutions are
(A) a2 =
µ2
2λ
, V (φI) = −
µ4
4λ
, (4.13)
(B) a2 =
µ2
g + 3λ
, V (φI) = −
µ4
g + 3λ
, (4.14)
(C) a2 =
µ2
2(g + 2λ)
, V (φI) = −
3µ4
4(g + 2λ)
. (4.15)
Solutions (A) and (C) are the lowest energy configurations for λ < g and λ > g, re-
spectively. Solution (A) corresponds to the configuration with a half D3-brane stuck at the
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O3−-plane and a D3-brane separated from it. Solution (C) is a fuzzy sphere configuration
and it is interpreted as a spherical D5-brane blown up to a finite size with the D3-brane
absorbed as the magnetic flux on it. Note that this fuzzy sphere configuration is very sim-
ilar to the spherical D5-brane in the Polchinski-Strassler model30) obtained via the Myers
effect.40) Unlike the Myers effect, we have not added additional RR-flux to inflate the spher-
ical D-brane. Here, the sphere has been blown up because of the tachyonic mass term in the
potential (4.1) that represents the repulsive force between the O3−-plane and D3-branes.
Since we are working with a toy model, it is not possible to show which configuration
is realized in our brane configuration discussed in §3.2. In the following, we assume λ > g,
for which solution (C) is realized, and show that this configuration gives a qualitatively
consistent picture with the confinement and dynamical symmetry breaking expected in the
electric theory.
In solution (C), the global symmetry SO(6) is broken to SO(3)1∼3×SO(3)4∼6. The first
factor SO(3)1∼3 is the rotation of φ
1∼3 compensated by the action of the SO(3) gauge group
to keep the vacuum expectation value (4.12) fixed. The second factor SO(3)4∼6 is simply the
rotation of φ4∼6. Note that SO(3)×SO(3) is equivalent to SO(4) ≃ (SU(2)×SU(2))/Z2 (at
least locally), which is the unbroken symmetry expected from (2.3). In fact, one can check
that the generators of the SO(3)× SO(3) subgroup in the spinor representation correspond
to those of the SO(4) subgroup of SU(4). (See Appendix B.)
Up to now we have been a little sloppy in our notation of the SO(N) group, because we
have not distinguished it from its universal covering. Let us elaborate on this issue here. Since
the SO(6) symmetry acts on the fermion as a spinor representation, the global symmetry
is actually SU(4) rather than SO(6). The subgroup that keeps the vacuum expectation
value (2.3) invariant in the electric theory is the SO(4) subgroup, which is the real part
of SU(4). On the other hand, if we do not take into account the fields that belong to the
spinor representation, the unbroken symmetry in the magnetic theory is the SO(3)×SO(3)
subgroup of SO(6). Note that the spinor representation of SO(6) transforms as the bi-spinor
representation of the SO(3) × SO(3) subgroup, which is equivalent to the bi-fundamental
representation of its universal covering SU(2)×SU(2). Because the diagonal Z2 element acts
trivially on the bi-fundamental representation of SU(2)× SU(2), the unbroken subgroup is
(SU(2)× SU(2))/Z2 ≃ SO(4) as expected.
In the fuzzy sphere configuration (4.12), the SO(3) gauge symmetry is completely Hig-
gsed. This is again consistent with the confinement in the electric theory. Therefore, the
dynamical symmetry breaking and confinement are both caused by the vacuum expectation
value of the scalar field in the magnetic description.∗)
∗) A similar phenomenon was found in a recent proposal to analyze QCD using Seiberg duality with soft
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These phenomena can be understood geometrically using the interpretation of the fuzzy
sphere configuration as the spherical D5-brane with magnetic flux.40),∗) As explained in §3.2,
the Ô3
−
-plane can be thought of as an O3−-plane with a spherical D5-brane. We expect
that D3-branes will be absorbed in the spherical D5-brane and make it blow up to a finite
size because of the repulsive force between the O3−-plane and D3-branes. Recall that in our
brane configuration, the SO(6) symmetry corresponds to the rotation of the x4∼9-plane. If
the spherical D5-brane is embedded in the x4∼6-plane, the rotational symmetry is broken to
SO(3)1∼3×SO(3)4∼6, where SO(3)1∼3 and SO(3)4∼6 correspond to the rotation of x4∼6 and
x7∼9-planes, respectively. Since D-strings cannot end on the D5-brane, the linear potential
for the quark-antiquark pair is obtained in the same way as the n = 1 case discussed in §4.2.
Let us next consider the fluctuations around the fuzzy sphere solution (4.12):
φi(x) = aJ i + δφi(x) , (i = 1, 2, 3)
φm(x) = δφm(x) , (m = 4, 5, 6)
(4.16)
where a is as given in (4.15). Again, the fluctuations δφI(x) can be expanded as
δφI(x) = AIi (x)J
i , (4.17)
where AIi (x) ∈ R. Inserting this configuration into the potential (4.1), we obtain
V (φI) = −
3µ4
4(g + 2λ)
+
µ2
2(g + 2λ)
(
(λ− g)(AjiA
j
i + A
j
iA
i
j) + 2(λ+ g)(A
i
i)
2
)
+O(A3) , (4.18)
where i, j = 1, 2, 3. Here, we have used the relation
tr(J iJ jJkJ l) = δijδkl + δilδjk . (4.19)
Note that the 9 components Ami (m = 4, 5, 6; i = 1, 2, 3) and the antisymmetric part of the
real 3 × 3 matrix A ≡ (Aij) (i, j = 1, 2, 3) do not have mass terms. The former correspond
to the Nambu-Goldstone modes associated with the symmetry breaking SO(6)→ SO(3)×
SO(3). The latter correspond to the direction of the gauge rotation (would-be Nambu-
Goldstone modes), which will be absorbed in the SO(3) gauge field to make them massive.
It is useful to decompose A = (Aij) as
A = ξ13 + η + χ , (4.20)
SUSY breaking deformations.41)
∗) The D5-brane world-volume description is a good description when the size of the sphere is large
compared with the string length scale. In our case, the size may not be large enough to justify the validity of
the D5-brane world-volume description. However, we think this D5-brane viewpoint is still worth mentioning,
because this geometric picture is useful for obtaining an intuitive understanding.
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where η and χ are real 3 × 3 traceless symmetric and antisymmetric matrices, respectively,
and ξ ∈ R is the trace part of matrix A. Then the potential (4.18) becomes
V (φI) = −
3µ4
4(g + 2λ)
+
µ2
2(g + 2λ)
(
12(g + 2λ)ξ2 + 2(λ− g) tr(η2)
)
+O(A3) . (4.21)
The trace part ξ, which corresponds to the fluctuation of the radius of the fuzzy sphere, is
always massive. The traceless symmetric part η is also massive when λ > g. There is no
tachyonic mode in this case.
4.5. Confinement and dynamical symmetry breaking for n > 2
Although the analysis for the n > 2 case is more complicated, the basic story is the
same as that for the n = 2 case. We will show that if λ is large enough, the fuzzy sphere
configuration
φi = aJ i(n−1) , (i = 1, 2, 3)
φm = 0 , (m = 4, 5, 6)
(4.22)
minimizes the potential energy. Here, J i(n−1) (i = 1, 2, 3) are the generators of the su(2)
algebra (4.6) in the spin-(n − 1) representation, and the coefficient a will be determined
in (4.29). This configuration corresponds to a spherical D5-brane with −(n − 1/2) units
of magnetic flux. Then, the dynamical symmetry breaking and confinement are explained
in exactly the same way as in the previous subsection. Note that the scalar fields φI are
(2n−1)×(2n−1) antisymmetric matrices and the spin-(n−1) representation is the (2n−1)-
dimensional irreducible representation. Schur’s lemma implies that the SO(2n − 1) gauge
symmetry is completely Higgsed for the fuzzy sphere configuration (4.22), suggesting that
the electric description is confined via the dual Meissner effect.
In the following, we start with examining some of the solutions of the equation of mo-
tion (4.2), including the configurations with isolated D3-branes, multiple fuzzy spheres and
their combinations. We will show that the fuzzy sphere solution (4.22) is the least-energy
configuration among the solutions we find, and stable against small fluctuations when λ is
large enough, although we have not succeeded in confirming that it is the global minimum
of the potential. We also identify the Nambu-Goldstone modes as well as the would-be
Nambu-Goldstone modes eaten by the gauge field.
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4.5.1. Isolated D3-branes
First, we consider a solution of the equation of motion (4.2) that corresponds to the
configuration with (n− 1) D3-branes put away from the origin in the x4-direction:
φ1 = v

σ2
σ2
. . .
σ2
0

, φ2∼6 = 0 . (4.23)
Inserting this into the equation of motion (4.2), we obtain
v2 =
µ2
2λ
. (4.24)
The energy for this solution calculated with (4.3) is
V (φI) = −(n− 1)
µ4
4λ
. (4.25)
4.5.2. One fuzzy sphere
Since the generators of the su(2) algebra in the spin-j representation J i(j) (i = 1, 2, 3)
satisfy the relation
J i(j)J
i
(j) = j(j + 1)12j+1 , (4.26)
the fuzzy sphere configuration (4.22) satisfies
φJφJ = a2n(n− 1)12n−1 . (4.27)
Inserting (4.22) and (4.27) into (4.2), we obtain(
−µ2 + 2ga2 + 2λa2n(n− 1)
)
φI = 0 , (4.28)
which shows that this configuration is a solution of the equation of motion (4.2) if
a2 =
µ2
2(g + λn(n− 1))
. (4.29)
The energy carried by this configuration is
V (φI) = −
µ4n(n− 1)(2n− 1)
8(g + λn(n− 1))
. (4.30)
Comparing this with (4.25), we see that the fuzzy sphere configuration is favored for
λn > 2g . (4.31)
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4.5.3. Multiple fuzzy spheres
As a generalization of the fuzzy sphere solution (4.22), consider a configuration with k
fuzzy spheres:
φi =

a1J
i
(j1)
a2J
i
(j2)
. . .
akJ
i
(jk)
 , (i = 1, 2, 3) , φ4∼6 = 0, (4.32)
where J i(jr) are the generators of the su(2) algebra in the spin-jr representation.
∗) Since J i(jr)
are matrices of size (2jr + 1), the spins {jr} satisfy
k∑
r=1
(2jr + 1) = 2n− 1 . (4.33)
Since the right-hand side is an odd number, the number of spheres k should be odd. This
configuration is a solution of the equation of motion (4.2) provided the coefficients ar satisfy
a2r =
µ2
2(g + λjr(jr + 1))
. (4.34)
The energy (4.3) is then
V (φI) = −
µ4
8
k∑
r=1
jr(jr + 1)(2jr + 1)
(g + λjr(jr + 1))
=
k∑
r=1
(2jr + 1)ρ(jr) , (4.35)
where
ρ(jr) = −
µ4
8
jr(jr + 1)
(g + λjr(jr + 1))
(4.36)
is the energy of the rth fuzzy sphere per size of the matrix (2jr +1). We can think of (4.35)
as the summation of the “energy density” ρ(jr) times the “length” (2jr + 1). The problem
is to find the minimal energy configuration when the “total length” is fixed by (4.33). Since
the “energy density” ρ(j) is a negative monotonically decreasing function (the absolute value
|ρ(j)| is increasing) with respect to j, the minimal energy configuration in (4.35) is clearly
the k = 1 case. Therefore, one maximal-size sphere is always favored compared with many
smaller spheres.
∗) Here, the scalar fields φI are block-diagonalized with respect to the irreducible representations of
the su(2) algebra for convenience. Since φI are originally pure imaginary antisymmetric matrices, the
representations of the su(2) algebra with half odd integer spin appear in complex conjugate pairs.
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4.5.4. One fuzzy sphere and isolated D3-branes
Let us next consider the combination of the configurations considered in §4.5.1 and §4.5.2:
φ1 =

aJ1(j)
vσ2
. . .
vσ2
 , φ2,3 =

aJ2,3(j)
0
. . .
0
 , φ4∼6 = 0 ,
(4.37)
where
a2 =
µ2
2(g + λj(j + 1))
, v2 =
µ2
2λ
. (4.38)
The number of vσ2 in φ
1 is (n− j − 1). The energy (4.3) is then estimated as
V (φI) = −(n− j − 1)
µ4
4λ
−
µ4j(j + 1)(2j + 1)
8(g + λj(j + 1))
. (4.39)
We recover (4.25) and (4.30) with j = 0 and j = n− 1, respectively.
To estimate the value of j that minimizes the energy, consider the derivative of V with
respect to j
∂V (φI)
∂j
=
µ4g(2g − (1 + 2j(j + 1))λ)
8λ(g + j(j + 1)λ)2
. (4.40)
Therefore, if
λ > 2g , (4.41)
(4.40) is always negative and the sphere tends to expand to the maximal size. If
λ < 2g , (4.42)
(4.40) is positive around j = 0 and becomes negative for large enough j, and hence the
sphere will either shrink to zero size or expand to the maximal size. As we have seen in
§4.5.2, the fuzzy sphere with the maximal size is favored if (4.31) is satisfied.
4.5.5. Fluctuations around one fuzzy sphere
We have seen that the fuzzy sphere solution (4.22) is the minimal energy configuration
among those considered in §4.5.1∼§4.5.4 if λ and g satisfy (4.31). Let us next consider the
fluctuations around the fuzzy sphere solution (4.22) and confirm that there are no tachyonic
modes for large enough λ.
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Consider the fluctuations around the fuzzy sphere solution (4.22), as we did in (4.16) for
the n = 2 case:
φi(x) = aJ i(n−1) + δφ
i(x) , (i = 1, 2, 3)
φm(x) = δφm(x) , (m = 4, 5, 6)
(4.43)
where a is given by (4.29). In this subsection, we set j ≡ n− 1 and J i ≡ J i(j) = J
i
(n−1).
Inserting (4.43) into the potential (4.1), and using the relation (4.29), the terms quadratic
in δφI are obtained as
V |O(δφ2) = −ga
2 tr
(
δφmδφm +
1
2
[J i, δφm]2
)
−
ga2
2
tr
((
δφi + iǫijk[J j , δφk]
) (
2δφi − iǫij
′k′[J j
′
, δφk
′
]
))
+
λa2
2
tr
(
{J i, δφi}2
)
. (4.44)
Here, the ranges of the indices are i, j, k = 1 ∼ 3 and m = 4 ∼ 6. See Appendix C for the
calculation.
Would-be Nambu-Goldstone modes
Because the gauge symmetry is spontaneously broken by the vacuum expectation value
of the scalar fields, dim(SO(2n − 1)) = (2n − 1)(n − 1) components of the fluctuation in
the scalar fields will be absorbed into the gauge field. These components (would-be Nambu-
Goldstone modes) correspond to the direction of the gauge rotation
δφI = [X,
〈
φI
〉
] , (4.45)
or, more explicitly,
δφi = a[X, J i] , (i = 1, 2, 3)
δφm = 0 , (m = 4, 5, 6)
(4.46)
where X ∈ so(2n− 1) = so(2j+1) is a real antisymmetric matrix. Then, it is easy to check
that
{J i, δφi} = 0 , (4.47)
and
δφi + iǫijk[J j , δφk] = 0 . (4.48)
Therefore, the potential (4.44) is flat along this direction as it should be.
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Nambu-Goldstone modes
Because of the symmetry breaking SO(6)→ SO(3)× SO(3), there are 9 components of
the Nambu-Goldstone modes that remain massless. The fluctuations corresponding to these
Nambu-Goldstone modes are of the form
δφi = 0 , (i = 1, 2, 3)
δφm = Ami J
i , (m = 4, 5, 6)
(4.49)
where (Ami ) is a real 3× 3 matrix. For this, we can show
[J i, [J i, δφm]] = 2δφm , (4.50)
which implies V |O(δφ2) = 0, and these components are massless degrees of freedom as ex-
pected.
General fluctuation
As a generalization of (4.17), it is known that any (2j + 1) × (2j + 1) antisymmetric
matrix δφI can be expanded as
δφI =
2j−1∑
l:odd
δφIl , δφ
I
l = A
I
i1,i2,··· ,il
J i1J i2 · · ·J il , (4.51)
where the coefficient AIi1,i2,··· ,il is a real rank-l traceless symmetric tensor with respect to
the SO(3) indices i1, i2, · · · , il. This is equivalent to the expansion with respect to the
spherical harmonics for the fuzzy sphere.∗) Note that for each I ∈ {1, 2, · · · , 6}, the traceless
symmetric tensor AIi1,i2,··· ,il belongs to the spin-l representation of SO(3) acting on the lower
indices ik (k = 1, 2, · · · , l), and the number of independent parameters is (2l + 1). By
summing over l = 1, 3, 5, · · · , 2j − 1, the total number of parameters is
2j−1∑
l:odd
(2l + 1) = j(2j + 1) , (4.52)
which agrees with that of (2j + 1)× (2j + 1) antisymmetric matrices.
First we consider δφI with I = m = 4, 5, 6. From the fact that AIi1,··· ,il belongs to the
spin-l representation of SO(3), we have
[J i, [J i, δφIl ]] = l(l + 1)δφ
I
l . (4.53)
Using this relation, the potential (4.44) for δφml (m = 4, 5, 6) is obtained as
V |O(δφ2) =
(
1
2
l(l + 1)− 1
)
ga2 tr (δφml δφ
m
l ) . (4.54)
∗) See, for example, Ref. 42) for related analysis in the pp-wave matrix model and useful formulae for
the fuzzy spherical harmonics.
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Therefore, l = 1 modes are massless and all the other modes with l > 1 are massive. The
l = 1 components correspond to the Nambu-Goldstone modes considered in (4.49).
Next, we consider δφI with I = i = 1, 2, 3. It is useful to decompose δφil as
δφil =
∑
ǫ=+1,0,−1
δφil(ǫ) , (4.55)
following the branching rule for the tensor product of the spin-l and spin-1 representations
of SO(3):
spin l ⊗ spin 1 = spin (l + 1)⊕ spin l ⊕ spin (l − 1) . (4.56)
The explicit expressions are as follows:
δφil(+) = A
l(+)
i,i1,··· ,il
J i1 · · ·J il , (4.57)
δφil(0) =
l∑
s=1
ǫi,is,jA
l(0)
j,i1,··· ,is−1,is+1,··· ,il
J i1 · · ·J il = i[J i, Al(0)i1,··· ,ilJ
i1 · · ·J il] , (4.58)
δφil(−) =
(
l∑
s=1
δi,isA
l(−)
i1,··· ,is−1,is+1,··· ,il
−
2
2l − 1
∑
s<t
δis,itA
l(−)
i,i1,··· ,is−1,is+1,··· ,it−1,it+1,··· ,il
)
J i1 · · ·J il . (4.59)
Here, A
l(ǫ)
i1,··· ,il+ǫ
(ǫ = 0,±1) are rank-(l + ǫ) traceless symmetric tensors (spin (l + ǫ) repre-
sentations) of SO(3). δφil(0) corresponds to the direction of gauge rotation as we have seen
in (4.46). These modes satisfy
iǫijk[J j , δφkl(ǫ)] = Λǫδφ
i
l(ǫ) , (4.60)
where Λ+ = l, Λ0 = −1, Λ− = −l − 1, and
{J i, δφil(+)} = 2A
l(+)
i1,··· ,il+1
J i1 · · ·J il+1 ≡ ϕl(+) , (4.61)
{J i, δφil(0)} = 0 , (4.62)
{J i, δφil(−)} = βj,lA
l(−)
i1,··· ,il−1
J i1 · · ·J il−1 ≡ ϕl(−) , (4.63)
with
βj,l ≡
l2(4j(j + 1)− l2 + 1)
2(2l − 1)
. (4.64)
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(See Appendix D for the calculation.) Then, we obtain
tr
(
{J i, δφi}2
)
= tr
(
ϕ21(−)
)
+ tr
(
(ϕ1(+) + ϕ3(−))
2
)
+ tr
(
(ϕ3(+) + ϕ5(−))
2
)
+ · · ·+ tr
(
(ϕ2j−3(+) + ϕ2j−1(−))
2
)
+ tr
(
ϕ22j−1(+)
)
, (4.65)
where ϕl(±) is defined in (4.61) and (4.63).
Inserting all these into (4.44), the potential in the quadratic order with respect to the
fluctuations is obtained as
V |O(δφ2) =
j∑
k=0
V2k , (4.66)
where
V0 = 2ga
2 tr
(
(δφi1(−))
2
)
+
λa2
2
tr
(
ϕ21(−)
)
, (4.67)
Vl+1 =
ga2
2
(
(l + 1)(l − 2) tr
(
(δφil(+))
2
)
+ (l + 2)(l + 5) tr
(
(δφil+2(−))
2
) )
+
λa2
2
tr
(
(ϕl(+) + ϕl+2(−))
2
)
, (l = 1, 3, 5, · · · , 2j − 3) (4.68)
V2j = ga
2j(2j − 3) tr
(
(δφi2j−1(+))
2
)
+
λa2
2
tr
(
ϕ22j−1(+)
)
. (4.69)
All terms except for V2 are non-negative provided g > 0 and λ > 0. Each term can be
written explicitly in terms of the coefficients in the expansions (4.57)–(4.59) by using the
following formulae:
tr
(
(δφil(+))
2
)
= αj,lA
l(+)
i1,··· ,il+1
Al(+) i1,··· ,il+1 , (4.70)
tr
(
(δφil(−))
2
)
= α˜j,lA
l(−)
i1,··· ,il+1
Al(−) i1,··· ,il+1 , (4.71)
tr
(
(ϕl(+) + ϕl+2(−))
2
)
= αj,l+1
(
2A
l(+)
i1,··· ,il+1
+ βj,l+2A
l+2(−)
i1,··· ,il+1
)2
, (4.72)
where βj,l+2 is as given in (4.64) and
αj,l =
(l!)2
2l
(2j + l + 1)!
(2l + 1)!(2j − l)!
, α˜j,l =
l2(2l + 1)
2l − 1
αj,l . (4.73)
(See Appendix D for the calculation.)
Then, (4.67)–(4.69) can be written as
Vl+1 = a
2(ηl+1, ξl+1)Mj,l+1
(
ηl+1
ξl+1
)
, (l = 1, 3, · · · , 2j − 3)
V0 = a
2ξMξξ , V2j = a
2ηMηη , (4.74)
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where
ξl+1 ≡ A
l+2(−)
i1,··· ,il+1
, ηl+1 ≡ A
l(+)
i1,··· ,il+1
, ξ ≡ ξ0 = A
1(−) , η ≡ η2j = A
2j−1(+)
i1,··· ,i2j
, (4.75)
and
Mj,l+1 =
(
g
2
(l + 1)(l − 2)αj,l + 2λαj,l+1 λαj,l+1βj,l+2
λαj,l+1βj,l+2
g
2
(l + 2)(l + 5)α˜j,l+2 +
λ
2
αj,l+1β
2
j,l+2
)
,
(4.76)
Mξ = 2gα˜j,1 +
λ
2
αj,0β
2
j,1 = 2j(j + 1)(2j + 1) (g + λj(j + 1)) , (4.77)
Mη = gj(2j − 3)αj,2j−1 + 2λαj,2j =
((2j)!)2
22j−1
(g(2j − 3) + λ) . (4.78)
Here, the indices i1, · · · , il+1 for ξl+1 and ηl+1 are suppressed, and contracted appropriately
in the expression (4.74).
In particular, for j = 1, (4.77) and (4.78) are
Mξ = 12(2λ+ g) , Mη = 2(λ− g) , (4.79)
which reproduces (4.21).
As we have observed above, the instability can possibly occur only in V2 for j > 1. The
matrix (4.76) with l = 1 is
Mj,2 = j(j + 1)(2j + 1)M˜j,2 , (4.80)
where
M˜j,2 =
(
−5g+(2j−1)(2j+3)λ
15
3(j−1)(j+2)(2j−1)(2j+3)λ
25
3(j−1)(j+2)(2j−1)(2j+3)λ
25
27(j−1)(j+2)(2j−1)(2j+3)(15g+2(j−1)(j+2)λ)
250
)
. (4.81)
The trace of this matrix is always positive and the determinant is
det M˜j,2 =
9
50
g(j − 1)(j + 2)(2j − 1)(2j + 3)(−3g + (2j2 + 2j − 1)λ) . (4.82)
Therefore, if
λ >
3
2j2 + 2j − 1
g , (4.83)
we have det M˜j,2 > 0 and there is no negative eigenvalue that causes the instability. The
condition (4.83) is always satisfied when (4.31) is satisfied.
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§5. Summary and discussion
We have argued that the electric theory in §2.1 and the magnetic theory in §2.2 are
dual to each other, because they are obtained as low-energy effective theories of the O3-D3
systems related by the S-duality in type IIB string theory. The electric theory is conjectured
to be a confining theory and the global SO(6) symmetry is conjectured to be dynamically
broken to the SO(4) subgroup via the fermion bilinear condensate (2.3). These properties
can be understood in terms of the magnetic theory as a consequence of the condensation of
tachyonic scalar fields, which is consistent with the scenario of the dual Meissner mechanism
of the confinement.
There are some subtleties which should be addressed to make the argument more accu-
rate. One important problem is to see what happens when we try to take the decoupling
limit in the magnetic theory. Since our magnetic theory is an asymptotically non-free theory,
we have treated it as a low-energy effective theory of the O˜3
−
-D3 systems in string theory
without trying to take the ls → 0 limit. For this reason, we can only trust the analysis
at low energies, and we are not able to cover the whole energy region. In any case, since
both the electric and magnetic theories are strongly coupled around the dynamical scale of
the systems, the duality is not powerful enough to make a quantitatively accurate analysis.
Because of this limitation, we had to rely on a toy model to analyze the system. However,
it is evidently desirable to derive everything without making any speculative assumptions.
It would be interesting to consider the generalization and application of this idea. The
simplest generalization is to use the O3−-D3 system to construct a non-supersymmetric
SO(2n) gauge theory. The field content is similar to our magnetic theory (II), although
the gauge group is different. Since the O3−-plane is self-dual, this SO(2n) gauge theory is
predicted to be self-dual. We have not explored the consequence of the duality in this system.
Another interesting direction would be to consider the holographic dual of the system. As
mentioned in §2.3, our system is related to the N = 4 SYM at the leading order in the
1/n expansion. Therefore, the holographic dual of this system is type IIB string theory in
the AdS5× S5 background with the Z2 orientifold action identifying the antipodal points of
S5 at the leading order in the 1/n expansion. In order to see the effect of SUSY breaking,
1/n corrections should be taken into account. The systems considered in this paper may be
useful for the investigation of the 1/n corrections in the context of gauge/string duality.
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Appendix A
Notation for USp(2n)
USp(2n) is defined as the set of the elements g ∈ SU(2n) satisfying
gTJg = J , (A.1)
where J is the antisymmetric invariant tensor defined as
J ≡
(
0 1n
−1n 0
)
(A.2)
with the n× n unit matrix 1n.
The Lie algebra associated with the USp(2n) group is the set of 2n× 2n anti-Hermitian
matrices X satisfying
XTJ + JX = 0 , (A.3)
which is equivalent to the condition that JX is a symmetric matrix. We can use J = (Jab) =
(Jab) to raise or lower the indices for the matrix X = (Xab) such as
Xab = JacX
c
b . (A.4)
Then, (A.3) can be written as Xab = Xba. The elements of the representation space of the
rank-2 symmetric and antisymmetric tensor representations ( and ) have the index struc-
tures Xab = Xba and Xab = −Xba, respectively. The antisymmetric tensor representation
is a reducible representation that can be decomposed to a singlet component proportional
to Jab and its orthogonal complement satisfying
XabJ
ab = 0 . (A.5)
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In our matrix notation for the fields Aµ, Q
i and ΦI listed in Table I, the gauge indices are
assumed to be like (Aµ)
a
b, (Q
i)ab and (Φ
I)ab. They are subject to condition (2.1).
Appendix B
The Explicit Form of ΣIij
ΣI used in (2.2), (2.4) and (2.5) is represented as
Σ1 =
(
0 σ1
−σ1 0
)
, Σ2 =
(
0 −σ3
σ3 0
)
, Σ3 =
(
iσ2 0
0 iσ2
)
,
Σ4 =
(
0 σ2
σ2 0
)
, Σ5 =
(
0 −i12
i12 0
)
, Σ6 =
(
−σ2 0
0 σ2
)
. (B.1)
They satisfy
(ΣI†ΣJ +ΣJ†ΣI)i j = 2δ
IJδij (B.2)
and
Γ I =
(
0 ΣI
ΣI† 0
)
(B.3)
are the SO(6) gamma matrices.
The generators of SO(6) in the spinor representation are given by
Σ
IJ
≡
1
4i
(ΣI†ΣJ −ΣJ†ΣI) . (B.4)
The explicit forms for the generators of the SO(3)×SO(3) subgroup in the spinor represen-
tation are given by
Σ
12
=
1
2
(
σ2 0
0 σ2
)
, Σ
23
=
1
2
(
0 −iσ1
iσ1 0
)
, Σ
31
=
1
2
(
0 iσ3
−iσ3 0
)
,
Σ
45
=
1
2
(
σ2 0
0 −σ2
)
, Σ
56
=
1
2
(
0 −σ2
−σ2 0
)
, Σ
64
=
1
2
(
0 i12
−i12 0
)
.
(B.5)
Note that the matrices in (B.5) are pure imaginary antisymmetric matrices and hence they
form a basis of the generators of the SO(4) subgroup of SU(4).
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Appendix C
Useful Formulae for V |O(δφ2)
Here, we summarize the formulae that are used to obtain (4.44). We only consider
quadratic terms with respect to the fluctuation δφI in (4.43).
tr(φIφI) = a2j(j + 1)(2j + 1) + 2a tr(J iδφi) + tr(δφIδφI) , (C.1)
tr([φI , φJ ]2) = −a42j(j + 1)(2j + 1)− 8a3 tr(J jδφj)
+2a2iǫijk tr([Jk, δφi]δφj) + 2a2 tr([J i, δφm][J i, δφm])
+2a2ǫijkǫi
′j′k tr([J i, δφj][J i
′
, δφj
′
]) +O(δφ3) , (C.2)
tr((φIφI)2) = a4j2(j + 1)2(2j + 1) + 4a3j(j + 1) tr(J jδφj)
+2a2j(j + 1) tr(δφJδφJ) + a2 tr({J i, δφi}{J j, δφj}) +O(δφ3) . (C.3)
Here, the ranges of the indices are I, J = 1 ∼ 6; i, j, k = 1 ∼ 3 and m = 4 ∼ 6.
Inserting (C.1), (C.2) and (C.3) into the potential (4.1), we see that the O(δφ1) terms
vanish and the O(δφ0) terms recover the result in (4.30) if we choose a as in (4.29). The
O(δφ2) terms are
V |O(δφ2) = −
µ2
2
tr(δφIδφI)
−
ga2
2
tr
(
[J i, δφm]2 + iǫijk[J j , δφk]
(
δφi − iǫij
′k′[J j
′
, δφk
′
]
))
+
λa2
2
tr
(
2j(j + 1)δφIδφI + {J i, δφi}2
)
. (C.4)
Using the relation (4.29), (C.4) can be written as
V |O(δφ2) = −ga
2 tr
(
δφmδφm +
1
2
[J i, δφm]2
)
−
ga2
2
tr
((
δφi + iǫijk[J j , δφk]
) (
2δφi − iǫij
′k′[J j
′
, δφk
′
]
))
+
λa2
2
tr
(
{J i, δφi}2
)
. (C.5)
Appendix D
Useful Formulae for J i
Let J i (i = 1, 2, 3) be the generators of the su(2) algebra in the spin-j representation,
which satisfy
[J i, J j] = iǫijkJk . (D.1)
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These J i are (2j + 1) × (2j + 1) Hermitian matrices. For integer spin j ∈ Z, they can be
represented as pure imaginary antisymmetric matrices.
The su(2) algebra (D.1) can also be written as
[J+, J−] = 2J3 , [J3, J±] = ±J± , (D.2)
where J± = J1 + iJ2. The spin-j representation is characterized by the lowest-weight state
|0〉 satisfying
J− |0〉 = 0 , J3 |0〉 = −j |0〉 . (D.3)
The orthonormal basis of the representation space is given by
|k〉 ≡
√
(2j − k)!
(2j)! k!
(J+)k |0〉 , (k = 0, 1, · · · , 2j) (D.4)
which satisfy the relation
(J+)l |k〉 =
√
(2j − k)! (k + l)!
(2j − k − l)! k!
|k + l〉 . (D.5)
This implies
tr
(
(J−)l(J+)l
)
=
2j−l∑
k=0
||(J+)l |k〉 ||2
=
2j−l∑
k=0
(2j − k)! (k + l)!
(2j − k − l)! k!
= (l!)22j+l+1C2l+1 =
(l!)2(2j + l + 1)!
(2l + 1)! (2j − l)!
. (D.6)
It is not difficult to show
tr(J iJ j) =
1
3
j(j + 1)(2j + 1)δij , (D.7)
tr(J iJ jJkJ l) = aδijδkl + aδilδjk + bδikδjl , (D.8)
where
a =
1
15
j(j + 1)(2j + 1)
(
j(j + 1) +
1
2
)
, (D.9)
b =
1
15
j(j + 1)(2j + 1) (j(j + 1)− 2) . (D.10)
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Using (D.6), we obtain
tr
(
(Ai1,··· ,ilJ
i1 · · ·J il)(Bj1,··· ,jlJ
j1 · · ·J jl)
)
= αj,lA
i1,··· ,ilBi1,··· ,il , (D.11)
where Ai1,··· ,il and Bi1,··· ,il are rank-l traceless symmetric tensors of SO(3), and
αj,l =
(l!)2
2l
2j+l+1C2l+1 =
(l!)2
2l
(2j + l + 1)!
(2l + 1)!(2j − l)!
. (D.12)
The following formulae are also useful:
JaJa = j(j + 1)12j+1 , (D.13)
JaJ iJa = (j(j + 1)− 1)J i , (D.14)
JaJ iJ jJa = (j(j + 1)− 3)J iJ j + iǫijkJk + δijj(j + 1)12j+1 . (D.15)
For
A ≡ Ai1,··· ,ilJ
i1 · · ·J il , (D.16)
with a traceless symmetric tensor Ai1,··· ,il, we can show
JaAJa =
(
j(j + 1)−
1
2
l(l + 1)
)
A (D.17)
by induction. This formula can also be checked by using the relation (D.13) and another
useful formula
[Ja, [Ja, A]] = l(l + 1)A . (D.18)
Using these relations, we obtain
{J i, δφil(+)} = 2A
l(+)
i1,··· ,il+1
J i1 · · ·J il+1 ≡ ϕl(+) , (D.19)
{J i, δφil(0)} = 0 , (D.20)
{J i, δφil(−)} = βj,lA
l(−)
i1,··· ,il−1
J i1 · · ·J il−1 ≡ ϕl(−) , (D.21)
where
βj,l =
l2(4j(j + 1)− l2 + 1)
2(2l− 1)
, (D.22)
for δφil(ǫ) defined in (4
.57)–(4.59).
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